In this paper, we introduce generalized hyperbent functions from F 2 n to Z 2 k , and investigate decompositions of generalized (hyper)bent functions. We show that generalized (hyper)bent functions f from F 2 n to Z 2 k consist of components which are generalized (hyper)bent functions from F 2 n to Z 2 k for some k < k. For even n, most notably we show that the g-hyperbentness of f is equivalent to the hyperbentness of the components of f with some conditions on the Walsh-Hadamard coefficients. For odd n, we show that the Boolean functions associated to a generalized bent function form an affine space of semibent functions. This complements a recent result for even n, where the associated Boolean functions are bent.
I. INTRODUCTION
I N THE context of filtered LFSRs, Canteaut and Rotella [1] showed at the 2016 FSE conference that when considering fast correlation attacks, the relevant criterion should no longer be nonlinearity, but rather generalized nonlinearity. Indeed, Canteaut and Rotella showed that if f +Tr n (λx k ) (where "Tr n " stands for the absolute trace function over F 2 n ) is biased, then we can apply a fast correlation attack to recover x k 0 where x 0 denotes the initial state. If k is coprime to 2 n − 1, then the attack recovers the initial state. Moreover, the case when k is not coprime to 2 n − 1 also leads to another attack and a new criterion to evaluate the security of filtered LFSR. The new criterion given on filtered LFSRs has thus revived interest in the topic of hyperbent functions. This paper seeks to increase our knowledge of these functions.
Let V n be an n-dimensional vector space over F 2 and for an integer q, let Z q be the ring of integers modulo q. Let
where ζ q = e 2π ı q and u, x denotes a (nondegenerate) inner product on V n (we often use ζ , H f , instead of ζ q , respectively, H (q) f , when q is fixed). For q = 2, we obtain the usual Walsh-Hadamard transform
If V n = F n 2 , the vector space of the n-tuples over F 2 , we use the conventional dot product u · x for u, x . The standard inner product of u, x ∈ F 2 n is Tr n (ux). Most of our results are in the vector space V n = F n 2 , although, whenever applicable (for example, where we emphasize hyperbent properties) we require the finite field environment V n = F 2 n . We use the notation as in [10] , [11] , and [18] , and denote the set of all generalized Boolean functions by GB q n and when q = 2, by B n . A function f : V n → Z q is called generalized bent (gbent) if |H f (u)| = 2 n/2 for all u ∈ V n . We recall that a function f for which |W f (u)| = 2 n/2 for all u ∈ V n is called a bent function, which only exist for even n since W f (u) is an integer. Further, recall that f ∈ B n , n odd, is called semibent if |W f (u)| ∈ {0, 2 (n+1)/2 } for all u ∈ V n . A jubilee survey paper on bent functions giving a historical perspective, and making pertinent connections to designs, codes and cryptography is [4] . A book devoted especially to bent functions and containing a complete survey (including variations, generalizations and applications) is [13] .
In Section II we recall some results which are of importance to our considerations and will be used in the following sections. In Section III we introduce generalized hyperbent functions, and show hyperbentness for classes of gbent functions introduced in [11] , which can be seen as generalized Dillon's P S (Partial Spreads) functions. These canonical examples also guarantee the existence of generalized hyperbent functions. In Section IV we investigate decompositions of generalized (hyper)bent functions. We show that generalized (hyper)bent functions from V n to Z 2 k consist of components which are generalized (hyper)bent functions from V n to Z 2 k for some k < k. In particular, for n even, we show that f : V n → Z 2 k 0018-9448 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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is generalized hyperbent if and only if all components are hyperbent with some conditions on the Walsh-Hadamard coefficients. For odd n, we show that the Boolean functions associated to a generalized bent function form an affine space of semibent functions. This complements a recent result for even n, where the associated Boolean functions are bent.
II. PRELIMINARIES
We begin by collecting some results which we will subsequently use in the paper. We start with a lemma, which is
Lemma 1: Let n = 2m be even, and for a function f :
Then f is gbent if and only if for all u ∈ V n there exists an integer
In [10] it is shown that, similar to bent functions (in even and odd characteristic), the value set of
for some function f * ∈ GB 2 k n , except for n odd and k = 2, in which case we have
In accordance with the terminology for classical bent functions we say that gbent functions are regular (except for the case when n is odd and k = 2), and we call the function f * the dual of f . With the standard proof for bent functions one can show that the dual f * is also gbent and ( f * ) * = f .
Let f ∈ GB 2 k n , then we can represent f uniquely as
for some Boolean functions a i , 0 ≤ i ≤ k − 1. We remark that this decomposition is very natural (and as we will see renders a lot of structure when f is gbent), since it comes from the binary representation of the elements in the image set Z 2 k . The nature of these Boolean functions when f is gbent has been one of the main topics in research on gbent functions. In the next proposition and the following remark we summarize some main results on these Boolean functions. Proposition 3: Let f (x) be a gbent function in GB 2 k n , k > 1. We write
(i ) [10] If n is even, then for all c ∈ F k−1 2 the Boolean function g c is a bent function. (ii) [10] , [16] , [17] If n is odd, and k = 2, 3, 4, then all Boolean functions g c , c ∈ F k−1 2 , are semibent. By Proposition 3 the set of the functions g c defined as in (1) forms an affine subspace of bent functions. As for linear spaces of bent functions, i.e. vectorial bent functions, we call the bent functions g c the component functions.
Remark 4: When n is even, then a 0 (x) + 2a 1 (x) ∈ GB 4 n is gbent if and only if a 0 and a 0 ⊕ a 1 are bent (see [16] ). Sufficient conditions on the gbentness of f ∈ GB 2 k n have been published for k = 2 when n is odd, and in general for k = 3, 4 (see [10] , [16] , [17] ). We will generalize the previously known Proposition 3(ii) in Theorem 11.
Another result about the decomposition of gbent functions is the following theorem of [10] .
Theorem 5 [10, Th. 3] :
. If n is even, then the following statements are equivalent:
(
Remark 6: In the proof of [10, Th. 3] it is moreover shown that if h and h + 2 k−2 g are gbent, then f is gbent if and only if H h+2 k−2 g (u) = ±H h (u) for all u ∈ V n . As one of our achievements here, in our Corollary 15 we will show that (i ) and (ii) in Theorem 5 are equivalent also when n is odd.
III. GENERALIZED HYPERBENT FUNCTIONS
Let f be a Boolean function from F 2 n to F 2 , and let 1 ≤ i ≤ n be an integer with gcd(2 n − 1, i ) = 1. The extended Walsh-Hadamard transform W f,i is the integer valued function
Recall that f is called hyperbent if |W f,i (u)| = 2 n/2 , for all 1 ≤ i ≤ n with gcd(2 n − 1, i ) = 1. For background on hyperbent functions we refer to the articles [3] , [5] , [23] .
In this section we introduce the concept of hyperbent functions for generalized Boolean functions. For a function f ∈ GB 2 k n and an integer 1 ≤ i ≤ n with gcd(2 n − 1, i ) = 1, we define the extended generalized Walsh-Hadamard transform H
and call f a generalized hyperbent (g-hyperbent) function if |H
There are several reasons for studying hyperbent functions. In addition to fast correlation attacks already mentioned in the introduction, as observed in [23], the extended Walsh-Hadamard transform could be used to quantify the approximation of S-boxes via a bijective monomial, and the flatness of its (absolute) values can be regarded as resistance to such approximations; in [3] , yet another connection was found, and the authors showed that all hyperbent functions can be obtained from codewords of an extended cyclic code of small dimension. While we could not yet find that code theory connection for the generalized hyperbentness, we remark that a motivation for their study is simply found in the attempt to check when a composition of a gbent (in this case via a bijective monomial) is also gbent. This is nontrivial in the classical case, as well as in the generalized sense.
Carlet and Gaborit [3] proved that all functions in the class of P S ap are hyperbent. We similarly show the g-hyperbentness for a class of gbent functions from GB 2 k 2n presented in [11] . The functions, which are given in bivariate form, can be seen as functions in a generalized P S ap class. We use the convention that y y = 0 if y = 0. Theorem 7: Let g j :
Proof: We start the proof with some preliminary considerations. Let ω be any element in F 2 n \ F 2 n/2 , then F 2 n = F 2 n/2 + ωF 2 n/2 . Furthermore, every y ∈ F 2 n/2 satisfies y 2 n/2 = y, therefore Tr n (y) = 0 for y ∈ F 2 n/2 . With the inner product on F 2 n defined by y, y = Tr n (yy ), the subspace F 2 n/2 is orthogonal to itself. Therefore,
We let g(y /y) := f (y , y). Analogous to Carlet and Gaborit's proof, for an integer i coprime to 2 n − 1, we write (using x := y + ωy, z := y y )
With (2) we obtain
Substituting g(z) = k−1 j =0 2 j g j (z) we have:
By [3, Lemma 1], if a ∈ F 2 n , then there exists a unique z such that a(z + ω) i ∈ F 2 n/2 , which in turn means that Tr n (a(z + ω) i y i ) = 0, since y i ∈ F 2 n/2 . Hence, the first term
y (−1) Tr n (a(z+w) i y i ) in the above expression equals ζ ρ 2 n/2 (for some positive integer ρ), if a / ∈ F 2 n/2 and zero otherwise. Moreover, the second term z ζ
equals zero by definition, and as previously stated, the last term ζ j 2 j g j (0)⊕Tr n (ay i ) equals ζ g(0) 2 n/2 , if a ∈ F 2 n/2 and zero otherwise. Therefore, we see that the entire previously displayed expression equals ζ ρ 2 n/2 , for some integer ρ, regardless of whether a ∈ F 2 n/2 or a / ∈ F 2 n/2 and therefore, f is g-hyperbent.
IV. DECOMPOSITION OF GBENT AND
G-HYPERBENT FUNCTIONS Let f ∈ GB 2 k n be a gbent function. In this section we continue analyzing the nature of Boolean and generalized Boolean functions in GB 2 k n , k < k, of which the gbent function f is (in some sense) composed.
First, for a function f :
where the a j 's are Boolean functions. Recall from Proposition 3 that, when n is even, if f is gbent then all its components f
2 . We extend this results to g-hyperbent functions by showing that g-hyperbent functions have hyperbent components. Moreover, we will see that a function f ∈ GB 2 k n for which all components are hyperbent along with some conditions on the Walsh-Hadamard coefficients, is also g-hyperbent.
To this end, we make some preliminary remarks that will help us in our analysis. Recall that when gcd(i, 2 n − 1) = 1, then the extended Walsh transform of f is
where j is the inverse of i in Z 2 n −1 . Now, saying that f is g-hyperbent is equivalent to say that f (x j ) is g-bent for every j coprime with 2 n − 1. Thus, for k ≥ 3,
Define the "canonical injection" ι :
. It is obvious that, in fact, ι is a bijection. Then, we have the following theorem (we remark that in [20], independently, the authors also obtain the characterization of generalized bent functions in terms of their components, for both n even and odd, see our Theorems 8 and 11).
Theorem 8: Let f : F 2 n → Z 2 k , n even. Then f is a g-hyperbent function given as f (
Proof: First, we compute
Next, we let i be coprime with 2 n − 1. Using (4) and the previous computation, we infer that
Suppose now that f : F 2 n → Z 2 k is g-hyperbent, so for every i coprime with 2 n − 1, we have
Then,
Now, let us invert (7) . We have for any c ∈ F k−1
for every a ∈ F 2 n . Since i is arbitrary in the preceding calculation, that shows that f c is hyperbent and satisfies the imposed conditions on the Walsh spectrum.
Conversely, suppose that, for every gcd(i, 2 n −1) = 1, there exists g i : F 2 n → Z 2 k−1 and s i :
Thus, for every gcd(i, 2 n − 1) = 1, we have
Example 9: In [9] several classes of hyperbent functions are constructed. In particular, examples of hyperbent functions f :
Let two such functions, F 1 , F 2 be given. It is shown in [9] that the extended Walsh-Hadamard transform of such functions (if hyperbent) are given by
Then the generalized Boolean function f : We now turn our attention to the case where n is odd and prove the following.
Theorem 11: Let f : F 2 n → Z 2 k , n odd, be a gbent function given as f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 k−1 a k−1 (x). Then f is gbent if and only if for each c ∈ F k−1 2 , the Boolean function f c defined as
is a root of unity. Therefore, for every a ∈ F 2 n ,
for some map f :
. Thus,
Write f (a)+2 k−3 = g 1 (a)+2 k−1 s 1 (a)+2 k t 1 (a) and f (a)+ 3 · 2 k−3 = g 2 (a) + 2 k−1 s 2 (a) + 2 k t 2 (a) so that
In the proof of Theorem 8, we have established the following relation between the Walsh-Hadamard transform of f and the Walsh transform of its component f c (take i = 1 in (5) and recall that ι is the "canonical" injection from F k−1
Then, one has
Thus,
proving that f c is semibent since
for every a ∈ F 2 n , along with the conditions on the Walsh spectrum.
Conversely, assume that for all c ∈ F 2 k−1 , f c are semibent and their Walsh transform are of the form
is a root of unity, showing that f is gbent.
By our previous theorems, we can identify a gbent function f = a 0 + 2a 1 + · · · + a k−2 2 k−2 + a k−1 2 k−1 ∈ GB 2 k n with the affine space of (semi)bent functions a k−1 + a 0 , a 1 , . . . , a k−2 (with some additional properties on the Walsh spectrum). However, one would ask whether the functions a i , 0 ≤ i ≤ k − 3, themselves have interesting properties. In our next result we show such a property, and as a byproduct, we obtain a description of the functions g i , s i that occur in Theorem 8 and 11.
Theorem 12: Let f ∈ GB 2 k n be a g-hyperbent function, written as f = a 0 + 2a 1 + · · · + a k−2 2 k−2 + a k−1 2 k−1 , for some a i ∈ B n . If n is even, then (identifying F n 2 with F 2 n ) (a⊕v) is the crosscorrelation of f, g, and s i , g i are as in Theorem 8 with g i j = (0, . . . , 1, . . . , 0)·ι −1 (g i ) (1 occurs in position j ). If n is odd, with λ(a) := ζ g 1 (a)−g 2 (a) , where s i , g i , i = 1, 2, are as in Theorem 11, then
Proof: We show the first claim, for n even, since the second case, for n odd, is similar (using the identity (−1) s 2 (a)−s 1 (a) = ı · λ(a)). By Theorem 8, every component function f c is hyperbent and W f c ,i (a) = (−1) c·ι −1 (g i (a))+s i (a) 2 n 2 , for some g i : F 2 n → Z 2 k−1 , s i : F 2 n → F 2 , for all gcd(i, 2 n − 1) = 1. To make things easier, without loss of generality, we let i = 1. Let now, c 0 = (0, . . . , 0), c j = (0, . . . , 0, 1, 0, . . . , 0) (the nonzero component of c j occurs in position j ), with both c 0 , c j in F k−1 2 . By our assumption, a k−1 and a j ⊕ a k−1 are both bent and for all a ∈ F n 2 (we identify naturally F n 2 with F 2 n ),
where g 1 , s 1 are as in Theorem 8, and g 1 j = c j · ι −1 (g 1 ). Now, since a j = (a j ⊕ a k−1 ) ⊕ a k−1 , using [6, Th. 2.17 (5) ], which states that if h( s 1 (a) , and the theorem is shown.
In the following proposition we decompose a gbent function in GB 2 k n into two gbent functions in GB 2 k n for some k smaller than k. We will show the decomposition more general for g-hyperbent functions, where we consider functions from F 2 n to Z 2 k . The crucial lemma for analyzing the decomposition of f when n is even, is Lemma 1. For instance the proof of Proposition 3 (i ) is based on this lemma.
We intend to show our results on decompositions of gbent functions for n even and for n odd simultaneously. Therefore we first deduce a more complex analog of Lemma 1 which is applicable to gbent functions in an odd number of variables. We emphasize that Lemma 1 and the following Proposition 13 are interesting by themselves. They describe the cardinalities of the preimages of f u (x) := f (x) + 2 k−1 (u · x) for gbent functions f , which gives a lot of information on the structure of gbent functions.
For k ≥ 3, let again ζ 2 k be a primitive 2 k -root of unity. Then ζ 2 k−3 2 k is a primitive 2 3 -root of unity, and without loss of generality, we assume that ζ 2 k−3
Recall that for k ≥ 3 every gbent function is regular, i.e. for an integer 0 ≤ ρ u ≤ 2 k − 1 (depending on u) we have
Proposition 13: For an odd integer n and k ≥ 3, let f be a function from V n to Z 2 k , for u ∈ V n let f u (x) = f (x) + 2 k −1 (u · x) , and let B u (ρ) = {x ∈ V n : f u (x) = ρ}. Then f is gbent if and only if for all u ∈ V n there exists an integer ρ u , 0 ≤ ρ u ≤ 2 k − 1, such that
where in both equations we have the same sign (and the argument of B u is reduced modulo 2 k ), and
Proof: Let f be a function from V n to Z 2 k for which the conditions in the proposition hold. For u ∈ V n , the generalized Walsh-Hadamard transform at u is then
(Here the arguments of B u are reduced modulo 2 k .) With
. Therefore f is gbent. Conversely suppose that f is gbent. As observed above, for u ∈ V n we then have
for some 0 ≤ ρ u ≤ 2 k − 1 depending on u. By the definition of B u (ρ) we moreover have
Since
} is a basis of Q(ζ 2 k ), the conditions in the proposition follow from equations (9) and (10) .
We next apply Lemma 1 and Proposition 13 to show that we can decompose every g-(hyper)bent function into two (hyper)bent functions in smaller dimension in various ways.
Proposition 14: Let k ≥ 2t, and let f : F 2 n → Z 2 k be a g-hyperbent function given as f (x) = a 0 (x) + 2a 1 (x) + · · · + 2 k−1 a k−1 (x) = g(x) + 2 t h(x) for some Boolean functions a i :
If n is even or k ≥ 3, then the functions h(x) and h(x) + 2 k−2t g(x) are g-hyperbent functions in GB 2 k−t n . Proof: For an integer i , gcd(i, 2 n −1) = 1, and an element
First we suppose that n is even. Then, since f is g-hyperbent, by an obvious version of Lemma 1 for g-hyperbent functions, for 0 ≤ e ≤ 2 t − 1 and 0 ≤r ≤ 2 k−t −1 − 1 we have
for all but one pair, say the pair (e,r ) = ( u,i , ρ u,i ), for which we have
Consequently,
and hence h + 2 k−2t g is g-hyperbent.
Now suppose that n is odd and
If f is gbent, by Proposition 13 there exist two integers ρ (1) 
For (e, r ) = ( u, j , ρ u, j ) we have
Observe that ρ (2) u −ρ (1) u = u,2 − u,1 +2 t (ρ u,2 −ρ u,1 ) = 2 k−2 , therefore 2 t |( u,2 − u,1 ), and consequently u,2 = u,1 and ρ u,2 − ρ u,1 = 2 k−t −2 . For the generalized Walsh-Hadamard transform of h we then get
and hence h + 2 k−2t g is gbent.
With Proposition 14 we can conclude the equivalence of the conditions in Theorem 5, also for odd n.
Corollary 15:
. Let n be even or k ≥ 3, then the following statements are equivalent.
(i ) f is gbent in GB 2 k n ; (ii) h and h + 2 k−2 g are both gbent in GB 2 k−1 n with H
Proof:
For even n, the corollary is Theorem 5. By Remark 6, for odd n it suffices to show that h and h+2 k−2 g are both gbent in GB 2 k−1 n if f is gbent in GB 2 k n . This follows for k ≥ 3 from Proposition 14 with t = 1.
V. CONCLUSION
In this paper we extend the concept of a hyperbent function to generalized Boolean functions from F 2 n to Z 2 k , and we present examples of generalized hyperbent functions obtained with partial spreads. We investigate decompositions of generalized (hyper)bent functions (gbent respectively g-hyperbent functions). We prove that g-(hyper)bent functions from F 2 n to Z 2 k decompose into g-(hyper)bent functions from F 2 n to Z 2 k for some k < k. In particular, for n even we show that f ∈ GB 2 k n is g-hyperbent if and only if all its Boolean components are hyperbent functions with some conditions on the Walsh-Hadamard coefficients. For n odd, we show that these Boolean functions associated to a generalized bent function form an affine space of semibent functions. This complements a result published in [10] , where it is shown that for even n the Boolean component functions are bent.
We finally remark that for a gbent function from V n to Z 2 k , the function cf is in general not gbent when c ∈ Z 2 k is even. Functions for which c f is gbent for every nonzero c may be particularly interesting for future research as -being bentthey yield relative difference sets (for a general discussion on relative difference sets and functions between arbitrary abelian groups we refer to [15] ). The standard example corresponds to difference sets from spreads. However, the vast majority of the gbent functions obtained from spreads described as in [11] do not correspond to relative difference sets. One example of a gbent function from V n to Z 8 , which gives a difference set and does not obviously come from a spread, is the function in [12, Corollary 3] . To the best of our knowledge all other examples in the literature also do not yield relative difference sets.
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